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GROMOV HYPERBOLICITY IN LEXICOGRAPHIC PRODUCT GRAPHS 


WALTER CARBALLOSAW, AMAURIS DE LA CRUZM, AND JOSE M. RODRIGUEZ^ 1 . 2 ) 


Abstract. If A is a geodesic metric space and x\,X 2 ,X 3 G A, a geodesic triangle T = {xi,X 2 , £ 3 } is 
the union of the three geodesics [X 1 X 2 ], [+ 2 ^ 3 ] and [x^xx] in X. The space X is 5-hyperbolic (in the 
Gromov sense) if any side of T is contained in a ^-neighborhood of the union of the two other sides, for 
every geodesic triangle T in X. If A is hyperbolic, we denote by 5(A) the sharp hyperbolicity constant of 
A, i.e. 5(A) = inf{5 > 0 : A is 5-hyperbolic}. In this paper we characterize the lexicographic product 
of two graphs G 1 o G 2 which are hyperbolic, in terms of G\ and G^'. the lexicographic product graph 
G\ o G 2 is hyperbolic if and only if G\ is hyperbolic, unless if G\ is a trivial graph (the graph with a 
single vertex); if G\ is trivial, then G\ o G 2 is hyperbolic if and only if G 2 is hyperbolic. In particular, 
we obtain the sharp inequalities 5(Gi) < 5(Gi o G 2 ) < 5(Gi) + 3/2 if G\ is not a trivial graph, and we 
characterize the graphs for which the second inequality is attained. 
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1. Introduction 

Hyperbolic spaces play an important role in geometric group theory and in the geometry of negatively 
curved spaces (see Hum ng). The concept of Gromov hyperbolicity grasps the essence of negatively 
curved spaces like the classical hyperbolic space, Riemannian manifolds of negative sectional curvature 
bounded away from 0, and of discrete spaces like trees and the Cayley graphs of many finitely generated 
groups. It is remarkable that a simple concept leads to such a rich general theory (see [T] [T71 fTB[ ). 

The different kinds of products of graphs are an important research topic in graph theory, applied 
mathematics and computer science. Some large graphs are composed from some existing smaller ones 
by using several products of graphs, and many properties of such large graphs are strongly associated 
with that of the corresponding smaller ones. In particular, the lexicographic product of graphs has been 
extensively investigated in relation to a wide range of subjects (see, e.g., [Ml SS HU SU and the 
references therein). 

The first works on Gromov hyperbolic spaces deal with finitely generated groups (see 01 ). Initially, 
Gromov spaces were applied to the study of automatic groups in the science of computation (see, e.g., 
[30]) ; indeed, hyperbolic groups are strongly geodesically automatic, i.e., there is an automatic structure 
on the group m- 

The concept of hyperbolicity appears also in discrete mathematics, algorithms and networking. For 
example, it has been shown empirically in m that the internet topology embeds with better accuracy 
into a hyperbolic space than into an Euclidean space of comparable dimension; the same holds for many 
complex networks, see |26| . A few algorithmic problems in hyperbolic spaces and hyperbolic graphs have 
been considered in recent papers (see mi na m » Another important application of these spaces is 
the study of the spread of viruses through on the internet (see [Ml IMD- Furthermore, hyperbolic spaces 
are useful in secure transmission of information on the network (see [MUM! HU)- 

If X is a metric space we say that the curve 7 : [a, b] — > X is a geodesic if we have A( 7 |[t, s l) = 
d( 7 (t), 7 (s)) = |t — s| for every s,t € [. a,b] (then 7 is equipped with an arc-length parametrization). The 
metric space X is said geodesic if for every couple of points in X there exists a geodesic joining them; we 
denote by [xy\ any geodesic joining x and y; this notation is ambiguous, since in general we do not have 
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uniqueness of geodesics, but it is very convenient. Consequently, any geodesic metric space is connected. 
If the metric space X is a graph, then the edge joining the vertices u and v will be denoted by [n, v]. 

In order to consider a graph G as a geodesic metric space, identify (by an isometry) any edge [tt, v] G 
E(G) with the interval [0,1] in the real line; then the edge [u,v\ (considered as a graph with just one 
edge) is isometric to the interval [0,1]. Thus, the points in G are the vertices and, also, the points in the 
interior of any edge of G. In this way, any graph G has a natural distance defined on its points, induced 
by taking shortest paths in G, and we can see G as a metric graph. Throughout this paper, G = ( V, E ) 
denotes a simple connected graph such that every edge has length 1. These properties guarantee that 
any graph is a geodesic metric space. Note that to exclude multiple edges and loops is not an important 
loss of generality, since [U Theorems 8 and 10] reduce the problem of compute the hyperbolicity constant 
of graphs with multiple edges and/or loops to the study of simple graphs. 

Consider a polygon J = { Ji, J 2 ,..., J n } with sides Jj C X in a geodesic metric space X. We say 
that J is S-thin if for every x G Ji we have that d(x,Uj^iJj) < 5. Let us denote by S(J) the sharp 
thin constant of J, i.e., 5(J) := inf{<5 > 0 : J is 5-thin} . If Xi,X2,X3 are three points in X , a geodesic 
triangle T = (aq, £ 2 , £ 3 } is the union of the three geodesics [aqa; 2 ], [aqaq] and [aqaq] in X. We say that 
X is 5-hyperbolic if every geodesic triangle in X is 5-thin, and we denote by 5(A) the sharp hyperbolicity 
constant of X, i.e., 5(A) := sup{5(T) : T is a geodesic triangle in X }. We say that X is hyperbolic if 
X is (5-hyperbolic for some 5 > 0; then X is hyperbolic if and only if 5(A) < 00 . A geodesic bigon is 
a geodesic triangle {x\, X 2 , £ 3 } with aq = X3. Therefore, every bigon in a 5-hyperbolic geodesic metric 
space is 5-thin. 

Trivially, any bounded metric space X is (diam A')-hyperbolic. A normed linear space is hyperbolic 
if and only if it has dimension one. A geodesic space is 0-hyperbolic if and only if it is a metric tree. 
If a complete Riemannian manifold is simply connected and their sectional curvatures satisfy I\ < c for 
some negative constant c, then it is hyperbolic. See the classical references muz] in order to find more 
background and further results. 

We want to remark that the main examples of hyperbolic graphs are the trees. In fact, the hyperbolicity 
constant of a geodesic metric space can be viewed as a measure of how “tree-like” the space is, since 
those spaces X with 5(A) = 0 are precisely the metric trees. This is an interesting subject since, in many 
applications, one finds that the borderline between tractable and intractable cases may be the tree-like 
degree of the structure to be dealt with (see, e.g., [IB]). 

A main problem in the theory is to characterize in a simple way the hyperbolic graphs. Given a Cayley 
graph (of a presentation with solvable word problem) there is an algorithm which allows to decide if it is 
hyperbolic. However, for a general graph deciding whether or not a space is hyperbolic is a very difficult 
problem. Therefore, it is interesting to study the hyperbolicity of particular classes of graphs. The papers 
[11 IB [3 Iini 0Q3 123 EH |32l [ 34 J ESI El] study the hyperbolicity of, respectively, complement of graphs, 
chordal graphs, strong product graphs, corona and join of graphs, line graphs, Cartesian product graphs, 
cubic graphs, tessellation graphs, short graphs, median graphs and fc-chordal graphs. In [3 OH W\ the 
authors characterize the hyperbolic product graphs (for strong product, corona and join of graphs, and 
Cartesian product) in terms of properties of their factor graphs. 

The study of lexicographic product graphs is a subject of increasing interest (see, e.g., [Ml IBB] IBB ] HU, '4T| 
and the references therein). In this paper we characterize the hyperbolic lexicographic product of two 
graphs Gi o G 2 , in terms of Gi and G 2 : if G\ has at least two vertices, then G\ o G 2 is hyperbolic 
if and only if G\ is hyperbolic; besides, if G\ has a single vertex, then G\ o G 2 is hyperbolic if and 
only if G 2 is hyperbolic (see Theorem 13.181 and Remark 13.191) . We also prove the sharp inequalities 
5(Gi) < 5(Gi o G 2 ) < 5(Gi) + 3/2 if G\ is not a trivial graph, see Theorems 13.21 and 13.141 Example 13.41 
provides a family of graphs for which the first inequality is attained; besides, Theorems 13.201 and 13.231 
characterize the graphs for which the second inequality is attained. 

Furthermore, we obtain the precise value of the hyperbolicity constant for many lexicographic products 
(see Examples 13.31 [B~T1 and Theorem 13.241) . In particular, Theorem 13.241 allows to compute, in a simple 
way, the hyperbolicity constant of the lexicographic product of any tree and any graph. 
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2. Distances in lexicographic products 

In order to estimate the hyperbolicity constant of the lexicographic product of two graphs G\ and G 2 , 
we must obtain bounds on the distances between any two arbitrary points in G\ o G 2 . Besides, we study 
the geodesics in G\ 0 G 2 , relating them with the geodesics in Gi. The lemmas of this section provide 
these results. 

We will use the lexicographic product definition given in [20 . 

Definition 2.1. Let G\ = (V'(Gi), E(G\)) and G 2 = (V(G 2 ), E(G 2 )) be two graphs. The lexicographic 
product G 1 0 G 2 of Gi and G 2 has V(G 1 ) x V(G 2 ) as vertex set, so that two distinct vertices (iti,i>i) and 
( U 2 ,V 2 ) of G 1 o G 2 are adjacent if either [ 111 , 112 ] G E(G 1 ), or iti = U 2 and [ 17 , 112 ] € E{G 2 ). 

Note that the lexicographic product of two graphs is not always commutative. We use the notation 
(x,y) for the points of the graph Gi 0 G 2 with x £ V(Gi) or y G V(G 2 ). Otherwise, this notation can be 
ambiguous. 



P 3 o P 4 



P 4 o P 3 


Figure 1. Non commutative lexicographic product of two graphs (P 3 o P 4 ^ P 40 P 3 ). 


Remark 2.2. The Cartesian and the strong product of two graphs are subgraphs of the lexicographic 
product of two graphs, i.e., G 1 CIG 2 C Gi BG 2 C Gi 0 G 2 . 

Along this work by trivial graph we mean a graph having just a single vertex, and we denote it by -Ed¬ 
it Gi and G 2 are isomorphic, then we write Gi ~ G 2 . 


Remark 2.3. Let G be any graph. Then G o Ed ~ G and Ed o G ~ G. 


In what follows we denote by 7r the projection 7r : Gi o G 2 —> G±. The following result allows to 
compute the distance between any two vertices of Gi o G 2 . 


Lemma 2.4. Let G 1 be a non-trivial graph and G 2 any graph and (u,v), (u',v') two vertices in G 1 0 G 2 . 
Then 


dG 1 oG 2 ((u,v),{u',v')) 


mm{ 2 ,d G 2 {v,v')}, ifu = u', 

d Gl (u,u'), if u ^ it'. 


Proof. Assume first that u = u', thus (it, v), (u, v') G V ({11)062). If dc 2 (v, v') < 2 then dG l 0 G 2 ({u, v), (it, v’)) 
dc 2 {v, v’) since a path in Gi o G2 joining (it, v) and (it, v') which is not contained in (it) o G2 has a vertex 
out of {it} o G2, and so, its length is at least 2 . If dc 2 {v,v') > 2 then 

dG 1 oG 2 ({u,v), (u,v')) = d Gl oG 2 ((u,v ), {ic} o G 2 ) + d Gl oG 2 {{w} O Ga, {u,v')) = 2 , 
where [it,if] G E(G\). 

Assume now that it ^ it'. If 7 := [itit'] is a geodesic in Gi joining the points u and it' with E(y) = fc, 
then there exist vertices A \,..., Ak-i in 7 \ {it, it'}. Without loss of generality we can assume that 7 
meets A 1,..., Ak -1 in this order. If we fix i>o G V(G2), then 

dG 1 oG 2 {{u,v), (it',u')) < d Gl oG 2 {{u,v), (Ai,u 0 )) + ... + d Gl oG 2 ((A k ^ 1 ,v 0 ), (u',v')) = k. 


3 










If dG 1 oG 2 (( u i v )i ( u 'i v ')) < then there exists a geodesic r in Gi o G 2 joining (u,v) and ( u',v') with 
L(T) = r < k. Denote by B 1 ,..., B r _ 1 the vertices in r \ {(it, v ), (it', 1 /)}. Without loss of generality we 
can assume that T meets Bi,, R r _ 1 in this order. Then we have 


{ r-2 

U i B BB j+ x] 


(J[S r _ 1 ,(i*' ) w / )]. 


By Definition 12.11 


{ r-2 

{J[Tr{Bj),Tr( B j+1 )] 


|J[7r(S r _i),u'] 


is a path joining u and u 1 in G\ such that L( 71 ) < L(T) < Lfiy). This is a contradiction, thus 


dG 1 oG 2 {{u, v), (it 7 , v ')) = d G 1 (u, it'). 


□ 


Let X be a metric space, Y a non-empty subset of X and e a positive number. We call e-neighborhood 
of Y in X, denoted by V e (Y) to the set {x G X : dx(x, F) < e}. 


Lemma 2.5. Let G\ be a non-trivial graph and G 2 any graph. Then G\ o G 2 C V 3 / 2 (Gi o {u}) /or every 
r C V(C; 2 ). 


Proof. Let p be any point of G\ o G 2 . If p G F(Gi oG 2 ), then consider any u 0 G F(Gi) such that 
[n(p),u 0 \ G £7(Gi). Definition [2T] gives d Gl oG 2 (p,G 1 o {u}) < d Gl oG 2 (p , (uo,v)) = 1 for every v G V(G 2 ) 
since Gi is non-trivial. Assume that p ^ V(Gi o G 2 ). Let A G V(Gi o G 2 ) with d Gl0 G 2 (p,A) < 1/2. 
Hence, we have 

d Gl oG 2 (p,G 1 O {«}) < d Gl oG 2 {p, A) + d Gl oG 2 (A,G 1 O {«}) < 3/2. 


□ 


Lemma 2 . 6 . Let yi,y 2 be any points in G 2 with (j/i 7 2 / 2 ) < 5/2 and xq a fixed vertex in G\. Then 
7 := {xo} x [pip 2 ] is a geodesic in G\ o G 2 joining the points (xo, 2 /i) and (xo, p 2 ). 

Proof. If Gi is the trivial graph, then G\ o G 2 ~ G 2 and we have the result. Assume that G\ is a 
non-trivial graph. Seeking for a contradiction assume that 7 is not a geodesic in Gi o G 2 . Therefore, 
there is a geodesic T in Gi o G 2 joining (£ 0 , 1 / 1 ) and (£ 0 , 2 / 2 ) which is not contained in {xo} 0 G 2 . Hence, 
T has a vertex F outside of {xo} 0 G 2 ; thus, we have 2 < L(T) < L( 7 ) < 5/2. We have 

T = [(xo,2/i)(£o,8i)] U [(x 0 ,8i),F] U [V, (£0,-82)] U [(£0,-82)(£0,2/2)], 

where 8 ^ is a closest vertex to p* in G 2 , for * = 1,2. Since 7 UT contains a cycle G with (£ 0 , 81 ), (£ 0 , 8 2 ) G 
G and L(y) + L(T) < 5 we have L(C) < 4 and dG 2 ( 8 i, 8 2 ) < 2, and so, we obtain 

^2(2/1 >2/2) < ^2(2/1,81) +dG 2 (8i,8 2 ) + d G2 (8 2 ,2/ 2 ) 

< ^ 2 ( 2 / 1 , 81 ) + 2 + d G 2 (B 2 ,y 2 ) = L(T) < Lfiy) = d G 2 (pi,y 2 ). 

This is the contradiction we were looking for, and so, 7 is a geodesic in Gi o G 2 . □ 

Corollary 2.7. LetG 1 &e a non-trivial graph and G 2 any graph, pi,p 2 any points in G 2 with d G 2 (pi, 2 / 2 ) > 
3 and Xq a fixed vertex in G±. Then {£ 0 } x [pip 2 ] is not a geodesic in G\ o G 2 . 

Proof. Let 8 j be the closest vertex to y,; in G 2 , for i = 1,2. Since Gi is a non-trivial graph there is a 
vertex it 0 G V(Gi) such that [xo,iio] G E{G\). For any fixed vq G V(G 2 ) we have 

T := [(£0,2/i)(£o, 81)] U [(£0,81), (u 0 ,u 0 )] U [(u 0 ,x 0 ), (£0,8 2 )] U [(x 0 , 8 2 )(x 0 , p 2 )] 

is a path in Gi o G 2 joining (xo,2/i) and (£ 0 , 2 / 2 )- Besides, since d G 2 (yi,I?i) < 1/2 and dc 2 (p 2 , 8 2 ) < 1/2 
we have L(T) < 3 < d G 2 (yi,p 2 ) = L({x 0 } x [pip 2 ]). □ 

Remark 2.8. Let yi,y 2 be two midpoints in any graph G 2 with d G 2 (pi,p 2 ) = 3 and xq a fixed vertex in 
any graph G\. Then {£ 0 } x [pip 2 ] is a geodesic in G 1 o G 2 joining (xo,2/i) ant 1 (£ 0 , 2 / 2 )- 
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Lemma 2.9. Let G\ be a non-trivial graph and G2 be any graph. If 7 is a geodesic in G\ 0G2 joining x 
and y with L{ 7) > 3 , then 7r(7) contains at least three vertices in G\. 

Furthermore, if a is a path in G\ o G2 joining x and y, then 7r(<r) contains at least three vertices in 

Gi- 

Proof. Since L{ 7) > 3 then 7 contains at least three vertices in Gi o G 2 . Let V\ and V2 be the closest 
vertices to x and y in 7, respectively. Seeking for a contradiction assume that 77(7) contains either one or 
two vertices in Gi. Since Gi is a non-trivial graph and 77(7) contains at most two vertices, Lemma l 2 . 4 l gives 
that do, oG 2 (Hi, V2) = 2 and 7 r(Vi) = 77(1/2). Furthermore, since L(7) > 3 we have either dG l0 G 2 {x, Hi) > 
1/2 or dG l0 G 2 (ih H2) > 1 / 2 . Without loss of generality we can assume that dG,oG 2 {x, Hi) > 1 / 2 - Let 
W be the vertex in Gi o G2 with x in the edge [Hi ,W]. Then dG l0 G 2 {x,W) < 1/2 < dG l0 G 2 ( x ^i)- 
Consider now a path 71 := [xW] U [WH2] U [V2y\ joining x and y in Gi o G2. Hence, L(7 i) < L( 7) 
since dQ l0 G 2 {W, V2) < 2 . This is the contradiction we were looking for, and then 77(7) contains at least 
three vertices in Gi. Finally, since L(cr) > L(y) and 77(7) contains at least three vertices, the proof is 
straightforward. □ 

Lemma 2.10. Let G 1 be a non-trivial graph and G2 be any graph. Consider a geodesic 7 in G\ o G2 
joining x and y. If £(7) > 3 , then 77(7) is a geodesic in G± joining tt(x) and 7 r(y). Besides, if L( 7) = 3 
then 7r(7) contains a geodesic in G\ joining rr(x) and 7r(y). 

Proof. Assume first that L( 7) > 3 . By Lemma \‘ 2 .91 77(7) contains at least three vertices in Gi. Denote 
by Vi,..., V r the vertices of Gi o G2 in 7 with r > 3 , and v±, ... ,v r their projections in Gi (there are at 
least three different vertices). Without loss of generality we can assume that 7 meet Vi ,..., V r in this 
order. Let V{, Vf be two vertices in Gi o G2 such that x £ \V{. Vj] and y £ [V/, V r \, and denote by v[,v' r 
their projections in Gi, respectively. Since dG 1 oG 2 (Vi,Vr) > 2 and dG 1 oG 2 (x,y) > 3 , Lemma [ 2.41 gives 
da i({ui,Ui},{u r X}) > 2. 

Seeking for a contradiction assume that there is a geodesic T in Gi joining 77(2;) and 7 r(y) with length 
less than £(77(7)). Let us consider v* := {77, u'} PI T and V* £ {Vi,V(} with 77 ( 1 /*) = v* for i £ {1,7’}. 
Now, we have three cases. 

( 1 ) n(x) ^ v\ and 7r(y) ^ v r . Then n(x) £ [u},ui] and ir(y) £ [v' r ,v r \. Let 71 := \xV*\ U [Vl*V/*] U 
[V*y\ C Gi o G2. Since dc,^^*) > 2 , Lemma \Tf \ gives dG l0 G 2 (V}*, V*) = dc 1 (vl,vf), and so 
L(7 i) = L(r) < ^(71(7)) < L( 7). This is the contradiction we were looking for, and so, 77(7) is a 
geodesic in Gi joining ir(x) and 7r(y). 

( 2 ) tt(x) = Vi and 7r(y) ^ v r or n(x) Vi and 7r(y) = v r . By symmetry, we can assume n(x) = V\ 

and 7r(y) v r . Then n(y) £ [v' r ,v r ] and dG l 0 G 2 ^1) < 1 / 2 . Let 71 := [xVi\ U [ViV}*] U 

\V*y\ C Gi o G 2 . Since dG x {v\,v*) > 2 , Lemma BTil gives dG 1 oG 2 (^iiK*) = dcAvuv*), and so 
L(7 i) = L(r) + L([xV 1]) < ^(71(7)) + L([xV 1]) < £(7). This is the contradiction we were looking 
for, and so, 71(7) is a geodesic in Gi joining 7 r(x) and tt (y). 

( 3 ) n(x) = vr and 7r(y) = v r . Then 77(7) = 7 r([ViW]). Since dG 1 {vi,v r ) > 2 , Lemma [2~fl gives 
dG 1 oG 2 ( Vi , V r ) = dG 1 ( vi 1 v r ). Then ^(77(7)) = c?Gi (vi, v r ), and 77(7) is a geodesic in Gi joining 
7 r(x) and 77(7/). 

Assume now that L( 7) = 3 . Then 77(7) contains either one, two, three or four vertices in Gi. 

If 77(7) contains a single vertex in Gi, then 7 is contained in {u} o G2 for some v £ V(Gi). Thus, 
77(7) = v is a geodesic in Gi joining 7 r(x) with 77 (y). 

If 77(7) contains exactly two vertices in Gi, then x, y are midpoints of edges and tt(x) = 7 r(y). 

If 77(7) contains three or four vertices in Gi, then 77(7) contains a geodesic in Gi joining 77(0;) and 
77 (y), and the argument used in the proof of the case L( 7) > 3 gives that 77(7) is a geodesic. □ 

Remark 2.11. Let 7 be a geodesic in G 1 o G2 joining x and y. If L( 7) = 3 and 77(7) is not a geodesic in 
G 1 joining 77 ( 2 ) and 77 (y), then x,y are midpoints of edges, tt(x) = 77 (y) £ V(G\) and diam(77(7)) = 1. 

Definition 2.12. The diameter of the vertices of the graph G, denoted by diamfo(G), is defined as, 

diam V (G) := swp{dG{u, v) : u, v £ V (G)}, 
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and the diameter of the graph G, denoted by diamG, is defined as, 

diamG := sup{dc;(x, y) : x,y G G}. 

Corollary 2.13. Let 7 be a geodesic in G\ o G 2 joining x and y. If tt(j) is not a geodesic in G\ joining 
7 t(x) and n(y), then diam (77(7)) < 3 . 

Notice that, if 7 is a geodesic in G\ o G2 joining the points x and y, then it is possible that 77(7) does 
not contain a geodesic in Gi joining the points n(x) and 7 r (y), as the following example shows. 

Example 2.14. Consider G 1 as the cycle graph G3 with vertices {7)1,772,773} and G2 as the path graph 
P3 with vertices {777, wi, 77)3} and E(Gi) = {[777, wi], [W 2 , 7773]}. Let x and y be the midpoints of edges 
[(id> 777 i), (772,7773)] and [(771,77)3), (773,77)3)], respectively. We have that') := [x( 772 , 777 )]U[(i 72 , 7 Di), (773,77)3)]U 
[(7)3,7773)7/] is a geodesic in Gi 0G2 joining x and y, but 77(7) = [7r(x)772]U[7>2,773] U [77377(7/)] does not contain 
the geodesic in G 1 joining rr(x) and n(y) (note that this geodesic is [ 7 r(x) 7 ' 1 ] U \v\iz(y)\). 


3. Hiperbolicity in lexicographic products 

Some bounds for the hyperbolicity constant of the lexicographic product of two graphs are studied in 
this section. These bounds allow to prove Theorem l3.18l which characterizes the hyperbolic lexicographic 
products of two graphs. 

We say that a subgraph T of G is isometric if dr(x,y) = dc(x,y) for every x,y £ T. The following 
result which appears in [33] Lemma 5] will be useful. 

Lemma 3.1. IfT is an isometric subgraph of G, then <5(T) < 5(G). 

The next theorem shows an important qualitative result: if Gi is not hyperbolic then Gi o Gi is not 
hyperbolic. 

Theorem 3.2. Let Gi and G 2 two graphs, then 5(G 1 ) < 5(G 1 0 G 2 ). 

Proof. Since Gi o {y} is an isometric subgraph of Gi o Gi for every y £ V(Gi), Lemma l3Jl gives the 
result. □ 

Example 13.41 shows that the equality in Theorem 13.21 is attained: 5(C n ) = 5(C n o P 2 ) for n > 5. 

Note that the strong product graph GM Pi is isomorphic to G o P 2 for any graph G. We recall that 
5(P n ) = 0 since the path graph P n is a tree; besides, it is well known that the hyperbolicity constant 
of the cycle graph C n is n/ 4, see [35] Theorem 11]. The following results which appear in [7] give the 
hyperbolicity constant of some lexicographic product graphs. 

Example 3.3. Let P n be the path graph with n > 2. Then 

5(Pn o Pi) = f 5/4, if n = 3’ 

{ 3/2, if n > 4. 

Example 3.4. Let C n be the cycle graph with n > 3. Then 

[ 1, if n = 3, 

6 (C n o Pi) = { 5/4, if n = 4, 

ra/4, if n > 5. 

Example 3.5. Let K m ,K n be the complete graphs with m,n vertices, respectively, and m,n> 2. Then 
K m o K n is isomorphic to K mn and 5(K m o K n ) = 1. 

Proposition 3.6. Let G\ be a non-trivial graph and Gi any graph. Consider isometric subgraphs Ti,T 2 
of G\,Gi, respectively, with Ti non-trivial. Then Ti oT 2 is an isometric subgraph to G 1 0 G 1 . 

Note that taking Ti as a trivial graph, Ti oT 2 is not an isometric subgraph to Gi 0 G 2 if diam V/^) > 3. 
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Proof. Since Ti oT 2 is a subgraph of Gi o G 2 , we have dr l 0 r 2 ( x , y ) > cLg 1 oG 2 ( x i y) f° r every x,y G Ti o^. 
Let x,y be any points of Ti o T 2 . If x,y G V^Ti o T 2 ) then by Lemma 12.41 we have dc 1 oG 2 (x,y) = 
dr l 0 r 2 (*, y) and we obtain the result. Without loss of generality we can assume that x,y £ V(Ti o T 2 ). 
Let Ai, A 2 , Bi, B 2 G V( r i or 2 ) with x G [Ai, A 2 ], y G [Bi,B 2 ], Consider a geodesic 7 in Gi 0 G 2 joining 
x and y with 7 := [xAf] U [AiBj] U [Bjy] for some i,j G {1, 2}. Then 

dr 1 or 2 (x,y ) < dr l 0 r 2 (x, A t ) + dr 1 or 2 (A il Bj) + dr l 0 r 2 (Bj,y) = dc l 0 G 2 (x,y). 

Thus, d Gl oG 2 (x,y) = dr l 0 r 2 (x,y)- □ 

Theorem 3.7. Let G\ be a non-trivial graph and G 2 any graph. Then 

8 (G\ o G 2 ) = max{(5(Ti o T 2 ) : Tj is isometric to Gi for i = 1,2 and Ti non-trivial}. 

Proof. By Lemma [XT] and Proposition 13.61 we have <5(Gi oG 2 ) > 5(Ti o T 2 ) for any Ti, T 2 . Besides, since 
any graph is an isometric subgraph of itself we obtain the equality by taking Ti = G\ and T 2 = G 2 . □ 

The next results will be useful. 

Theorem 3.8 (Theorem 8 in [35]). In any graph G the inequality 8 (G) < I diamG holds and it is sharp. 

Denote by J(G) the set of vertices and midpoints of edges in G. As usual, by cycle we mean a simple 
closed curve, i.e., a path with different vertices, unless the last one, which is equal to the first vertex. 

Theorem 3.9 (Theorem 2.6 in [3]). For every hyperbolic graph G, 8 (G) is a multiple of 1/4. 

Theorem 3.10 (Theorem 2.7 in :3j). For any hyperbolic graph G, there exists a geodesic triangle T = 
{ 2 , y, z } that is a cycle with x, y,z G J(G) and S(T) = 8 (G). 

Theorem 3.11. If G 1 and G 2 are non-trivial graphs , then S(G 1 0 G 2 ) > 1. 

Proof. Since G,; is a non-trivial graph there is a subgraph P 2 in Gi isomorphic to an edge, for i = 1,2. 
Hence, by Example 13.31 and Theorem 13.71 we have 6 (Gi o G 2 ) > 8 (Pf o Pf) = 1. □ 

Theorem 3.12. Let G 2 be any non-trivial qravh and G^ any qravh. If diam V(G 1 ) = 2, then S(G 1 oG 2 ) > 
5/4. //diamV(Gi) > 3 _ , then J(Gi o G 2 ) > 3/2. 

Proof. Assume that diamH(Gi) = 2. Since G 2 is a non-trivial graph there is a subgraph P 2 in G 2 iso¬ 
morphic to an edge. Besides, since diamH(Gi) = 2 then there is an isometric subgraph in G\ isomorphic 
to a path P 3 with 3 vertices. Example 13.31 and Theorem 13.71 give 5/4 = <5(P 3 o P 2 ) < 8 (Gi o G 2 ). 

If diamI7(Gi) > 3, then a similar argument replacing P 3 by P 4 gives <5(Gi o G 2 ) > 3/2. □ 

Theorem 3.13. If G 1 is any non-trivial graph and G 2 is any graph with diamG 2 > 2, then 8 (G\ oG 2 ) > 
5/4. 

Proof. Since diamG2 > 5/2 we have that there exist a midpoint x G J(G 2 ) \ V(G 2 ) and a vertex 
y G V(G 2 ) such that dc 2 (x,y) = 5/2. Hence, by Lemma l2l6l we have that 71 := {no} x [ xy ] is a geodesic 
in Gi o G 2 joining the points (vq,x) and (vo,y) for some no G V(Gi). Without loss of generality we can 
assume that (vo,x) G [Ai,A 2 ] such that A\ G 71. Denote it by 72 := [(uo,2)A 2 ] U [A 2 W] U \W(vo,y)\ 
where W G H({vi} o G2) with [uoWi] €E E(G\). Therefore, L( 72) = 5/2 and 72 is a geodesic in Gi o G 2 
joining the points (vq, x) and (no, y). Now we have a geodesic bigon B := {71,72} in G\oG 2 . If p is the 
midpoint of 71, then dc 1 oG 2 (p,'y2) = 5/4 and we conclude that <S(Gi o G2) > 8 (B) = 5/4. □ 

Theorem 3.14. Let G 1 be any non-trivial graph and G 2 any graph. Then we have 8 (G\ o G 2 ) < 
<5(Gi)+3/2. 

Proof. If Gi is not hyperbolic, then <$(Gi) = 00 , and so, Theorem 13.21 gives the result (with equality). 
Assume now that Gi is hyperbolic. By Theorem l3.10l it suffices to consider geodesic triangles T = { 2 , y, z} 
in Gi o G 2 that are cycles with 2 , i/,zG J(Gi o G 2 ). Let 71 := [xy], 72 := [yz] and 73 := [zx\. It suffices 
to prove that d Gl oG 2 (p,T2 U 73 ) < <5(Gi) + 3/2 for every p G 71 . If d Gl oG 2 (p, {^3 2/}) < 3/2, then 
dc l 0 G 2 (p, 72 U 73 ) < d Gl oG 2 (p, {x, y}) < 3/2. 
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Assume that d,G 1 oG 2 (P, {+ y}) > 3/2; then L( 71) > 3. Let V p := (v,w) be a closest vertex to p in 
71. Consider the canonical projection 7r : G\ o Gi —> G\ o {w}. By Lemma 12.101 7r(7i) is a geodesic in 
G 1 o {tc} joining the points 77(2) and n(y). 

If 77(72) and 77(73) are geodesics in G\ o {u>}, then there is a point a G 77(72) U 77(73) such that 
d'G 1 o{w}(^p: a ) < <5(Gi). Assume that a G + (77(72) 1177(73)). Since +(71) > 3 and 72 U 73 joins 
x and y, by Lemma 12.91 77(72) U 77(73) contains at least three vertices; hence, there exists a vertex 
(■ v a ,w ) G 1^(77(72)1177(73)) such that [a, (u 0 ,,'u;)] G E(Gio{w}). Let V a be a vertex in ((2 a }oG2)n(72U73). 
Thus, [a, V a ] G E(G\ o G 2) and 

^GioG 2 (p .72 U73) < d Gl oG 2 (p,V p ) + d Gl o{ w }(y p ,a) + d Gl oG 2 (ot,V a ) < 6 (G 1) +3/2. 

If a ^ +(77(72) U 77(73)), then a G {77(2), 77(7/)} and a is a midpoint in Gi o {u>}. Without loss of 
generality we can assume that a = 77(2) and, consequently, a: is a midpoint in Gi o G2. Let V x be the 
closest vertex to x in 72 U 73 and v x the closest vertex to tt(x) in 77(71). Hence, [14, v x \ G E(G 1 o G2), 
dG l0 {w}{V pi v x ) < 6 (Gi) - 1/2 and 

dG!oG 2 (P,72 U 73 ) < d Gl oG 2 (P,V p ) + d Gl o{w}(Vp, v x) + dc 1 oG 2 {v x , V x ) < S(Gi) + 1. 

If 77(72) and 77(73) are not geodesics in Gi o {w}, then there is a point a G [77(2)77(2:)] U [77(2)77(2/)] such 
that dG l0 {w}(Vp, ot) < S(Gi). Notice that, if a is not a vertex in Gi o {w} then we repeat the previous 
argument and obtain the result. Assume now that a G +([77(2)77(2:)] U [77(2)77(2/)]); by symmetry, we can 
assume that a G + ([77(2)77(2)]). If a G 77(72)1177(73), then the previous argument gives dG 1 oG 2 {p , 72U73) < 
<5(Gi) + 3/2. Assume now that a £ 77(72) U 77(73). Seeking for a contradiction assume that there is not 
a vertex (v a ,w) G +(77(72) U 77(73)) such that [a, (v a , w)] G E(G\ o {w}). Then d Gl0 { w y(a, +(77(72) U 
77(73))) > 2; hence, dG l0 { w }{ a , 77(2)) > 3/2 and dGio{t«}(a, 77(2)) > 3/2. However, by Corollary 12.131 we 
have dGio{tu}(7r(2), 77(2)) = dG l0 y w y(Tr(x), a) + dG l0 {w}i a i 77(2)) < 3, which is a contradiction. Therefore, 
there exists a vertex (v a ,w) G +(77(72) 1177(73)) such that [a, (v a , tc)] G -E(Gi o {w}). Let V a be a vertex 
in ({ 2 a } o G 2 ) (~l (72 U 73). Then [a, V a ] G E[G\ o G 2 ) and 

dG 1 oG 2 (p,72 U73) < d Gl oG 2 {p,V p ) + d Gl o{w}(V P ,a) + d Gl oG 2 (a, V a ) < S(G 1 ) +3/2. 

In both cases, 77(72) is a geodesic in Gi o {xc} but 77(73) is not a geodesic in Gi o {w}, and 77(73) is a 
geodesic in Gi o {w} but 77(72) is not a geodesic in Gi o {w}, a similar argument gives the inequality. □ 

Remark 3.15. Let G 1 be any hyperbolic graph which is not a tree and let Gi be any graph. The 
argument in the proof of Theorem 13.1/| gives that if S(G 1 o G2) = <5(Gi) + 3/2 then there is a geodesic 
triangle T = {2, y, 2} with x,y, z G J(G 1 o Gi) and a midpoint p G [2 y\ such that dc 1 oG 2 (p, [xz] U [zy]) = 
<5(Gi) + 3/2. Besides, dG l 0 {w}(Vp> [77(2)77(2)]U[77(2)77(2/)]) = £(Gi) and the distance is attained in a vertex 
a G [77(2)77(2)] U [77(2)77(2/)]. 

Example 13.31 and Theorem 13.231 show that the equality in Theorem 13.141 is attained. 

We obtain the following consequence of Theorem 13.21 and Theorem 13.141 

Theorem 3.16. Let G\ be any non-trivial graph and Gi any graph. Then 

5{Gi) < <5(Gi o Gi) < S(Gi) + 3/2. 

Theorems 13.121 and 13.141 have the following consequence. 

Corollary 3.17. If Gi is any infinite tree and Gi is any non-trivial graph, then 8 {G\ o Gi) = 3/2. 

Theorem 3.18. Let G\ be any non-trivial graph and Gi any graph. The lexicographic product G 1 o Gi 
is hyperbolic if and only if G\ is hyperbolic. 

Remark 3.19. For any graph G and the trivial graph E\, the lexicographic product graph E\ o G is 
hyperbolic if and only if G is hyperbolic, since 5{E\ o G) = 6 (G). This trivial result completes the 
characterization of hyperbolic lexicographic products. 

The following results allow to characterize the graphs for which the bound in Theorem l3.14l is attained. 

Theorem 3.20. Let G 1 be any hyperbolic graph and let Gi be any graph. If 8 (G\ o Gi) = 6 (G 1) + 3/2, 
then Gi is a tree, Gi is a non-trivial graph and S(G 1 o Gi) = 3/2. 



















Proof. Seeking for a contradiction assume that G\ is not a tree ( i.e., <5(Gi) >0). By hypothesis G\ o G 2 
is hyperbolic, thus, Theorem 13.101 and Remark [3.151 give that there is a geodesic triangle T = {x,y,z} 
in G i o G 2 that is a cycle with x, y,z £ J(G\ o G 2 ) and a midpoint p £ [xy\ such that d Gl o G 2 (p, [ xz ] U 
[zy]) = 5{G\) + 3 / 2 . Let V v := (v,w) be a closest vertex to p in [xy\ fl V{G\ o G 2 ) as in the proof 
of Theorem 13.141 i.e., d Gl o{ w }(Vpi [ 7r ( a; ) 7r (- z )] U [ 7 r(^) 7 r(j/)]) = S(G 1 ) with n the canonical projection 
on G\ o {w}; besides, this equality is attained in a vertex a £ [ 7 r(a,’) 7 r(z)] U [ 7 r(z) 7 r(y)]. Note that 
<5(Gi) is an integer number since it is the distance between two vertices. Since d(Gi) > 0, we have 
<5(Gi) > 1. Let Vp be the vertex in T fl V(G\ o G 2 ) such that [V p , V// is the edge in G\ o G 2 with 
p £ [V p ,Vp]. Since d Gl oG 2 {p, {x,y}) > d Gl oG 2 {p, [xz] U [zy]) = 5{G 1) + 3 / 2 , there exist a, b G [xy] n 
V(Gi o G 2 ) with d Gl oG 2 {a,P) = d Gl oG 2 (b,p) = 3/2 and d Gl oG 2 (a,b) = 3. If tt(V p ) = -n{V p ), then 
^Gio{u;}( 7 r(a), 7 t(6 )) = 2. This contradicts Lemma l2Nl and so, we have 7 r(Vp) ^ 7 r(V/) and 7 r(V/) ^ 7 r(p) ^ 
7 r(V/). If d Gl o{ w }( 7 r(p), [ 7 r(x) 7 r( 2 :)] U [ 7 r{z)ir(y)]) = d Gl o{w}{V P i [?r(a:) 7 r(^)] U [jr(z)n(y)]) = S(Gi) > 1, then 
since tt(V p ) ^ 7 r(p) we obtain that d Gl o{ w }{ £, [ 7 r(x) 7 r(z)] U [ 7 r(z) 7 r(y)]) = <5(Gi) + 1/4 where £ is the 
midpoint of [ir(p)Vp\. But this is a contradiction since d Gl o{w}(^ [ 7 r(x) 7 r(z)] U [ 7 r(z) 7 r(?/)]) < 8 (Gi). 
Then we have d Gl 0 {™}(7r(p), [ 7 r(a:) 7 r(^)] U [tt^tt^)]) < d Glo{w} {V p ,[Tr(x)n(z)] U [ 7 r(z) 7 r(y)]) = d(Gi); 
hence, d Glo{w} {n(j>), [tt(x)i r(^)] U [Tr(z)Tr(y)]) = S(G i) -1/2 and d Glo{w} (n(Vp , [ 7 r(a:) 7 r(^)] U [tt(z)tt (j/)]) = 
<5(Gi) — 1. We can repeat the same argument in the proof of Theorem 13. 14l for V p instead of V v , and we 
obtain d Gl oG 2 (p , [xz] U [zy]) < 5{G\) + 1/2. This is the contradiction we were looking for and G\ is a 
tree. 

Hence, <5(Gi o G 2 ) = 3/2. If G 2 is a trivial graph, then 3/2 = 8 {G\ o G 2 ) = 5(Gi) = 0, which is a 
contradiction. Therefore, G 2 is a non-trivial graph. □ 

Theorem 13.231 below is a converse of Theorem 13.201 furthermore, it provides the exact value of the 
hyperbolicity constant of the lexicographic product of many trees and graphs. We need some lemmas. 

Lemma 3 . 21 . Let G\ be any tree with 1 < diamGi < 2 and G 2 any graph. Then S(G\ o G 2 ) =3/2 if 
and only if there is a geodesic triangle T = {x,y,z} in G\ o G 2 that is a cycle contained in {no} o G 2 
for some no G V{G\) with x,y,z G </({uo} o G 2 ) and a vertex p G [a;y] such that d Gl oG 2 {p, [xz] U [zy]) = 
dG l 0 G 2 {p,x) = d Gl oG 2 (p,y ) = 3/2. 

Proof. Assume first that ( 5 (Gi oG 2 ) = 3 / 2 . By Theorem l 3. 101 there exists a geodesic triangle T = {x, y, z} 
in Gi o G 2 that is a cycle with x,y,z £ J(G± o G 2 ) and a point p G [xy] such that 8 (T) = d Gl oG 2 (j>, [yz\ U 
[zx]) = 3 / 2 . Thus, d Gl oG 2 (p, {x,y}) > d Gl oG 2 {p , [xz] U [zy]) = 3/2 and L([xy]) > 3 . 

Assume that diamGi = 2 (the case diamGi = 1 is similar and simpler). We show now that diamGi o 
G 2 = 3. Note that diamGi oG 2 > L{[xy]) > 3. Let A,B £ V{G\ o G 2 ). If 7 t(A) = n(B), then by Lemma 
12.41 we have d GloG2 (A, B) < 2. If tt(A) ^ 7 t(B), then by Lemma [2~TI we have d GloG2 (A, B) <2 since that 
diamGi = 2. Therefore, diamfo(Gi o G 2 ) = 2 and diamGi o G 2 < 3. Consequently, diamGi o G 2 = 3, 
L([xy]) = 3 and d Gl oG 2 (Pi x) = d Gl o G2 (p, y) = 3/2. Notice that x,y are midpoints of Gi o G 2 and p a 
vertex of Gi o G 2 . 

Assume now that x £ {no} o G 2 for some no G V{G\) and y ^ {no} o G 2 , where x £ [Ai,A 2 ] 
and y £ [J3i,I? 2 ] with Ai,B\ £ [xy]-, then d GloG 2 (Ai,i?i) = 2 since that L([xy]) = 3. Note that 
A\ £ {no} xV(G 2 ) and B\ £ {wo} x V(G 2 ) with d Gl (n o, wq) = 2 . We have that [xy]C\([yz]G[zx]) = {a;, y} 
since T is a cycle. Hence, A 2 ,B 2 £ V{[yz] U [zx]) and d GloG 2 {p, [yz] U [zx]) = d Gl oG 2 {p, {A 2 , B 2 }) = 1 
since p is a vertex, and this is a contradiction. If y £ {no} o G 2 for some no G V(Gi) and x ^ {no} o G 2 , 
then the same argument gives a contradiction. If x,y ^ U„ og i/( Gl ){no} o G 2 , then one can check that 
d GloG2 (x,y) < 2, which is a contradiction. Hence, we conclude that x,y £ {no}oG 2 for some no G V(Gi). 
We also have p £ {no} o G 2 and we conclude that [xy] is contained in {n 0 } o G 2 . If [yz] U [zx] is not 
contained in {n 0 }oG 2 , then there is a vertex W £ [j/z]U[zx] such that W £ {wo}°G 2 and d Gl (no, wq) = 1. 
Hence, d Gl oG 2 {p, W) = 1, which is a contradiction. Then T is contained in {no} o G 2 . 

It is easy to check that if there exists such a geodesic triangle T, then 8 (G\ o G 2 ) > 8 (T) > 3/2. 
Theorem 13.141 allows to conclude 8 (G± o G 2 ) = 3/2. □ 

Now we define some families of graphs which will be useful. Denote by C n the cycle graph with n > 3 
vertices and by V{C n ) := {n^™\ ..., ni”^} the set of their vertices such that [ni ra \n^] G E(C n ) and 
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[4444] £ E(C n ) for 1 < i < n— 1 . Let C g 1 ' be the set of graphs obtained from Cg by adding a (proper 
or not) subset of the set of edges {[ 4444 > [44 44 }- Bet us define the set of graphs 

J-fi := {graphs containing, as induced subgraph, an isomorphic graph to some element of Cg 1 ^}- 
Let C -4 be the set of graphs obtained from C7 by adding a (proper or not) subset of the set of edges 

{[444 7 4 [444 7 4 [4 7) >4 7) ]> [4444}- Define 

T-j := {graphs containing, as induced subgraph, an isomorphic graph to some element of C 7 }. 

Let Cg 11 be the set of graphs obtained from Cg by adding a (proper or not) subset of the set {[44 4*4 
[ 4 8) , i 4 1 > [ 4 ^ 5 4*4 [ 4 ^ , 4 8 '* ]} • Also, let Cg 2> be the set of graphs obtained from Cg by adding a (proper 

or not) subset of {[ 4444 , [ 4444 : [ 444*4 [ 4444 }- Define 

Fg := {graphs containing, as induced subgraph, an isomorphic graph to some element of Cg 1 '* U Cg 2 '}- 
Let Cg 1 ' 1 be the set of graphs obtained from Cg by adding a (proper or not) subset of the set of edges 

{[444 9 4 [4444, [4444> [4444)- Define 

Fq := {graphs containing, as induced subgraph, an isomorphic graph to some element of Cg }. 


Finally, we define the set F by 

F := Fg U F’j U Fg U Fq. 

Note that Fg, F7 , Fg and Fq are not disjoint sets of graphs. 

For any non-empty set S C V(G), the induced subgraph of S will be denoted by (S). 


Lemma 3 . 22 . Let G be any graph. Then G £ F if and only if there is a geodesic triangle T = {x, y, z} 
in G that is a cycle with x,y,z £ J[G), L([xy]), L([yz]), L{[zx]) < 3 and S(T) = 3/2 = dc{p , [yz\ U \zx\) 
for some p £ [ xy\. 

Proof. Assume first that there is a geodesic triangle T = {x, y, zj in G that is a cycle with x,y,z £ J{G), 
L([xy]),L([yz]),L([zx]) < 3 and S(T) = 3/2 = dc(p, [yz] U [zx]) for some p £ [xy]. Since da{p,{x,y}) > 
da(p,[yz\ U [zx]) = 3 / 2 , we have L([xy]) = 3 and p is the midpoint of [xy], thus p £ V(G). Since 
L([yz]) < 3 , L{[zx\) < 3 and L([yz]) + L([zx]) > L([xy\), we have 6 < L(T) < 9 . 

Assume now that L(T) = 6 . Denote by {di,...,^} the vertices in T such that T = [Ji=i [ v ii v i+i] 
with V7 := V\. Without loss of generality we can assume that x £ [^1,^2], y £ [^4,^5] and p = vg. Since 
dc{x,y) = 3 , we have that ({i>i,..., i^}) contains neither [v\,V/f\, [vi,^], [02,1)4] nor [^2,^5]; besides, 
since dc(p, [yz] U [zx]) > 1 we have that ({wi,... ,^6}) contains neither [113,i>i], [113,115] nor [n3,i6]. Note 
that [v2,ve], [v4,vg\ may be contained in ({ui,..., ug}). Therefore, G £ Fg. 

Assume that L(T) = 7 and G £ Fq. Denote by {vi,...,ly} the vertices in T such that T = 

ULibi:^+i] with v 8 : = Vi- Without loss of generality we can assume that x £ [v\,V2], y £ [^4,^5] 

and p = vg. Since dc{x,y) = 3 , we have that ({vi,..., V7}) contains neither [v\,v^, [^1,^5], [1^2, ^4] n or 
[v2,Vg]; besides, since dc{p, [yz] U [zx]) > 1 we have that ({«i,... ,17}) contains neither [i>3,i>i], [13,15], 

[13.16] nor [13,17]. Since G (f Fq, [ii,i6] and [15,17] are not contained in ({11,..., 17}). Note that 

[12.16] , [12,17], [i4,i6], [14,17] may be contained in ({11,... ,17})- Hence, G £ F7. 

Assume that LIT) = 8 and G ^ Fg U F7. Denote by {11,..., ig} the vertices in T such that T = 

U = i[ii,K+i] with 19 := 11. Without loss of generality we can assume that x £ [11,12], y £ [14,15] 

and p = Vg. Since da(x,y) = 3 , we have that ({11,..., is}) contains neither [11,14], [11,15], [12,14] 
nor [12,15]; besides, since dc(p, [yz] U [zx]) > 1 we have that ({11,..., is}) contains neither [13,11], 
[13,1.5], [13,16], [13,17] nor [13,is]- Since G <£ J 6 UJ 7 , [ii,i 6 ], [11,17], [15,17], [15,is] and [i 6 ,is] are 
not contained in ({11,..., is}). Since T is a geodesic triangle we have that z £ {16,7,17,17,8} with 16,7 
and 17,8 the midpoints of [16,17] and [17,1s], respectively. If z = 17 then ({11,..., is}) contains neither 

[12.17] nor [14,17]. Note that [12,16], [12,1s], [14,16], [i4,is] may be contained in ({11,..., is})- If 
z = 16,7 then ({11,...,is}) contains neither [12,16] nor [12,17]- Note that [12, is], [14,16], [14,17], [i4,is] 
may be contained in ({11,..., is})- By symmetry, we obtain an equivalent result for z = 17,8- Therefore, 
G £ Fg. 
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Assume that L(T ) = 9 and G </ U T 7 U T%. Denote by {tq,..., vg} the vertices in T such that 
T = Ui=ib*! v i+i\ with uio := v\. Without loss of generality we can assume that x £ [14,^2], y £ [^4,^5] 
and p = V3. Since dc{x,y) = 3 , we have that ({tq,...,vg}} contains neither [iq,!^], [14,1)5], [14,1)4] 
nor [i>2,«5]; besides, since dc{p, [yz] U [2a;]) > 1 we have that ({14,..., i>g}} contains neither [1)3,14], 
[^3, f.5], [i’3,'i’6], [1)3, tq], [n3,i>8] nor [1)3, rig]. Since T is a geodesic triangle we have that z is the midpoint 
of [tq, i)s]. Since dc(y,z) = dc(z,x) = 3 , we have that ({14,..., t)g}) contains neither [iq,tq], [iq,D 8 ], 
[V2,V 7 \, [d 2 ,d 8 ], [1)4,14], [V4,V$], [1)5,14] nor [u 5 ,i)8]- Since G £ T 6 U T 7 U P 8 , [iq,u 6 ], [14,1)9], [u6,d 8 ], 
[14,1)9] and [iq,i>g] are not contained in ({iq,... , i> 9 }). Note that [14,14], [14,1)9], [1)4,14], [^4,^9] may be 
contained in ({tq,..., i)g}}. Hence, G £ T%. 

Therefore, in any case G £ T. 

The previous argument also shows that if G £ T , then there is a geodesic triangle with the required 
properties. □ 


Theorem 13.201 and the following result characterize the graphs for which the bound in Theorem 13.141 
is attained. 

Theorem 3.23. Let G\ be any tree and G 2 any non-trivial graph. 

(1) //diamGi > 3, then S(G 7 o G 2 ) = 3/2. 

(2) If 1 < diamGi < 2 , then S(Gi o G 2 ) =3/2 if and only if G 2 £ T. 

(3) If Gi is trivial, then 5{G\ o G 2 ) = 3/2 if and only if 5(G 2 ) = 3/2. 


Proof. If diamGi > 3, then Theorems 13.121 and 13.141 give the result since that 5(Gi) = 0. 

In order to prove (2), by Lemma 13.211 we have that 5(Gi o G 2 ) = 3/2 if and only if there is a geodesic 
triangle T = {.r, y, z} in Gi o G 2 that is a cycle contained in {u} o G 2 for some v £ V (Gi) with x,y,z £ 
J({v} o G 2 ) and a vertex p £ [xy\ such that dG l 0 G 2 (P > \ xz \ u [zy]) = dG l 0 G 2 (v , x ) = ^GioG 2 (p, y) = 3/2. 
By Lemma [220 diam H(Gi oG 2 ) = 2, hence, L([yz]), L([zx]) < 3 and x, y are midpoints with L{[xy)) = 3. 
Hence, by Lemma T3.221 we have that 5(Gi o G 2 ) = 3/2 if and only if {v} o G 2 £ T and so, Remark 12.31 
gives that this is equivalent to G 2 £ T . 

Finally, if Gi is trivial, then Remark 12.31 gives the result. □ 

The following result allows to compute, in a simple way, the hyperbolicity constant of the lexicographic 
product of any tree and any graph. 

Theorem 3.24. Let Gi be any tree and G 2 any graph. Then 


S(Gi o G 2 ) = 


Proof. If Gi ~ Ei or G 2 ~ E 7 , then we have the result by Remark 12.31 

If diamGi = 1 and 1 < diamG 2 < 2, then Theorems l3.9ll3.lHl3.14l and l3.23l give 8 (G^ oGn) £ {1,5/4} 
since G 2 ^ T. Seeking for a contradiction we can assume that <5(Gi o G 2 ) = 5/4. Then by Theorem 13. 101 
there is a geodesic triangle T = {x, y, z} in Gi o G 2 that is a cycle with x,y,z £ J{G\ o G 2 ) and a point 
p £ [xy] such that S(T) = d Gl oG 2 (P, [yz] U [zx]) = 5/4. Thus, d Gl oG 2 {p, {x,y}) > d Gl oG 2 {p, [xz] U [zy]) = 
5/4, L([xy]) > 5/2 and x,y £ {v} o G 2 for some v £ V(Gi) since diamGi = 1. This is a contradiction 
since diamG 2 < 2 and we conclude that <5(Gi o G 2 ) = 1. 

If diamGi = 1 and diamG 2 > 2 or diamGi = 2 and diamG 2 > 1, then Theorems 13.91 [5T2113.131 and 
13.141 give <5(Gi o G 2 ) £ {5/4,3/2}. Finally, since G 2 ^ T, Theorem 13.231 gives S(Gi o G 2 ) ^ 3/2 and we 
have 6 (Gi o G 2 ) = 5/4. 

If 1 < diamGi < 2 and G 2 £ T or diamGi > 3 and diamG 2 > 1, then we have the result by Theorem 

m □ 


S(G 2 ), 

if Gx~Ei, 




0, 

'If G 2 —Ei, 




1, 

if diamGi = 1 

and 

1 < diamG 2 < 2, 


5/4, 

if diamGi = 1 

and 

diamG 2 > 2 and 

G 2 (£P, 

5/4, 

if diamGi = 2 

and 

diam G 2 > 1 and 

G 2 £E, 

3/2, 

if 1 < diamGi 

< 2 

and G 2 £ T, 


k 3/2, 

if diamGi > 3 

and 

diamG 2 > 1. 



n 





























Corollary 3.25. LetGi,G 2 be any trees. Then 


6 (G 1 oG 2 ) = < 


Corollary 3.26. LetPn^P^ 


S(P n o P m ) = 


0 , 

1 , 


' 0, 

if Gi ~ E 1 


or 

G 2 — Ei, 

1 , 

if 

diam Gi 

= 1 

and 

1 < diamG2 < 2, 

5/4, 

if 

diam G\ 

= 1 

and 

diamG2 > 3, 

5/4, 

if 

diam G\ 

= 2 

and 

diamG2 > 1, 

3/2, 

if 

diam G i 

> 3 

and 

diamG 2 > 1. 

two path graphs. Then 



if 

n = 1 

or 

m = 

1 , 


if 

n = 2 

and 

m = 

2,3, 


, if 

n = 2 

and 

to > 4 or 

n = 3 and m 

, if 

n > 4 

and 

m > 2. 
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